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Abstract-This paper is devoted to the existence of solutions for elliptic variational hemivaria- 
tional inequalities. The operators involved are taken to be multivalued and noncoercive. Using the 
notion of the generalized gradient of Clarke and recession method, some existence results of solutions 
have been proved. @ 2003 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Let R be an open bounded subset of R”, 1 < p < +oo, V be a subspace of Sobolev space W’+‘(fi). 
Let A be a mapping from V to its dual space V* which is defined by 
(Au, w) = 2 / Ai(x,u, Vu)DizIdx, vu,v E v, 
i=l i-l 
where (., .) denotes the duality pairing between V’ and V, V = (01, Dz,. . . , D,), Di = &, and 
the functions Ai (i = 1,. . . , n) satisfy suitable regularity and growth assumptions (see below). 
Let K be a nonempty, closed, and convex subset of the reflexive Banach space V. In order to 
simplify some computations, we shall assume that 0 E K. The norm convergence in V and V* 
is denoted by +, and the weak convergence by -, With a given f E V’, @ : V ---) R U {+co} 
being a proper, convex, and lower semicontinuous (1.s.c. for short) function satisfying @(O) = 0, 
we formulate the following variational hemivariational inequality denoted by H.V.I.(A, f, j, a, K): 
find u E K such that 
(Au-f,v-u)+lj’(u,v-u)dz+@(t+@(u)>O, VVEK. (2) 
Here j’(u, .) stands for the Clarke’s directional differential (see [l]). 
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The theory of variational inequalities, which is closely connected with the convexity of the 
energy functional involved, is a well-developed theory in mathematics. Indeed the existence 
theory of variational inequalities is based on monotonicity arguments (cf. [2-41). 
If the corresponding energy functionals involved are nonconvex, another type of inequality 
expressions arises as variational formulation of the problem which are called hemivariational in- 
equalities. Their derivation is based on the mathematical notion of the generalized gradient of 
Clarke. Several types of hemivariational inequalities have already been studied with respect to 
certain mechanical problems, e.g., in nonmonotone semipermeability probiems, in the theory of 
simple and multilayered plates, in the theory of composite structures, etc. It should be noted that 
the hemivariational inequalities have been proved very efficient for the treatment of certain as yet 
unsolved or partially solved problems(cf, [5-81). A great number of results for H.V.I.(A, f, j, @, K) 
are available, when either the subset K is bounded or the operator A satisfies certain coercive- 
ness conditions (see, for example, [5-81). H owever, many engineering, economic, and stochastic 
models lead to H.V.I.(A, f, j, a, K) with noncoercive operators defined on unbounded sets. For 
H.V.I.(A, f,j, a, K), there have been many efforts to handle the lack of the coerciveness con- 
dition by the nonsmooth critical point theory developed in [7]. Motivated by some ideas from 
Adly, Goeleven and Thera [9], in this paper, we shall show the existence of solutions of the 
H.V.I.(A, f, j, 9, K) with noncoercive operators by combining the pseudomonotonicity methods 
with the recession methods, which generalize the results of [5,6] in many directions. 
2. PRELIMINARIES, ASSUMPTIONS 
Let C be a nonempty, closed, and convex subset of the reflexive Banach space V. A vector v 
is called a direction of recession in C at u if for each positive t, the vector u + tv lies in C. The 
directions of recession are independent of u and form a closed convex cone called the recession 
cone of C, 
cm+-) q!, 
t>o [ 1 
where uc is arbitrarily chosen in C. Equivalently, this amounts to saying that u belongs to C, 
if and only if there exist sequences {tn}ns~ and {u,},e~ C C such that limn--roo t, = 00 and 
u = lim,,, t;‘un. 
Let Q : V -+ RU {+oo} be a proper, convex, and 1.s.c. Then the behavior at infinity of Q can 
be described by the recession function 9, of 9 which is defined by the formula 
where zrc is taken arbitrarily such that @(xc) < 00. 
Recall that an operator T : V --t 2v’ is pseudomonotone, iff the following three conditions are 
fulfilled. 
(i) For each u E V, the set Tu is nonempty, bounded, closed, and convex. 
(ii) If {(u~,u,,)}~~~ c G(T) (the graph of the operator T) is such that u, - u as n + 00 
and lim SUP~+~ (u;,u, - u) < 0, then for each v E V, there exists v*(v) E T(u) with the 
property that 
lim ,in& (ui , 21, -v) 2 (v8(v),u--21). 
(iii) The restriction of T to any finite-dimensional subspace F of V is weakly U.S.C. as an 
operator from F to V*. 
In the following, we assume that the coefficients Ai (i = 1,. . . , n) are functions of z E R and 
of t = (r],C) E R”+l where 11 E R, < = (Cl,.. . ,&) E R”. We assume that each Ai(s,<) is a 
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Carath6odory function; i.e., it is measurable in x for fixed E E R”+l and continuous in [ for 
almost all x E R. We suppose that Ai(x, 6) (i = 1,. . . , n) satisfy the following. 
Pd There exist cl > 0 and a E P’(R)@’ = p/(p - 1)) such that 
IA&, E)I 5 c~Itl~-~ + 4x1 
032) 
for, a.e., x E R, for all E = (q,C) E R”+‘. 
C;&b(x, 71, C) - A4 S,%6’)](Ci - C) > 0 f or, a.e., x E R, for all q E R and C,C’ E Rn 
with C # C’. 
Concerning H.V.I.(A, f, j, @, K), we deal with the functional J : V(c P(a)) + R of type 
where j : R x R + R is the function 
I 
t 
j(x,t) = G, T) d7, t E R, (4) 
0 
which corresponds to a function B : R x R + R satisfying the following assumption. 
(H3) e(x, .) E J%(R) f or, a.e., x E 0, and there exist c2 > 0 and b E P’(n) such that 
I+, T)I L b(x) + c2171p-1 
for, a.e., x E 0 and each r E R. 
It is known that Assumption (Hs) implies that the functional .7 in (3) is locally Lipschitz. 
For a locally Lipschitzian functional h : V -+ R, we denote by h”(u, v) the Clarke generalized 
directional derivative of h at u in the direction v; that is, 
h”(u, w) := limsup 
h(w + Xv) - h(w) 
x-to+,w-tu x ’ 
Assumption (Hs) on 0 ensures that J is local Lipschitz on V and 
I j’(x, u(x); v(x)) da: 1 J’(u, v), vu,?J E v. R (5) 
Recall also at this point that 
ah(u) := {u* E V* I h’(zL,v) 2 (u*,v) Vv E V} (6) 
denotes the generalized Clarke subdifferential. 
The following lemma will be useful (see, for instance, [2]). 
LEMMA 1. Let T : V --) 2”’ be a pseudomonotone operator, C C V be nonempty bounded, 
closed, and convex, and cp : V -+ R U {+m} be proper, convex, and I.s.c. Then, for a given 
f E V*, there exist u E C and U* E T(U) such that 
b* - f, ,fJ - 4 2 v(u) - cp(v); VVEC. 
In order to establish the existence results of the problem H.V.I.(A, f, j, a, K), we also need the 
following lemma (see, for instance, [51). 
LEMMA 2. Suppose that Assumptions (HI)-(H3) hold. Then the sum operator A+bJ : V -+ 2”’ 
is pseudomonotone. 
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3. MAIN RESULTS 
A direct application of Lemmas 1 and 2 leads to the following,basic auxiliary result. 
THEOREM 1. Let K be a nonempty, bounded, closed, convex ‘subset of V, f E V*, @ : V -+ 
R U {+oo} a convex, I.s.c. functional such that D(a) rl K # 0. Suppose in addition that Assump- 
tions (H&(Ha) hold. Then H.V.I.(A, f, j, 9, K) has at least one solution. 
PROOF. By means of Lemmas 1 and 2, for every f E V*, there exist ZL E K and u* E W(u) such 
that 
(Au + u* - f, 21 - u) + Q(v) - @(u) 2 0, VVEK. 
By virtue of (6), we have that W(u) := {u* E V* 1 J’(u,v) 1 (‘u*,v) VW E V}. Therefore, we 
get 
(Au- f,w-u)+J’( u,w-u)+@(v)-@(u) 10, Vu E K. 
By use of (5), we obtain 
(AU - f, w - u) + / j’(u(z), v(z) - U(Z)) dz + Q(w) - a(u) 10, Vu E K. (7) 
R 
This ends the proof of the theorem. 
Similar to [9], we introduce the recession function, denoted by ‘l’A,j, associated with the non- 
linear operator A : V ---f V’ and the function j : Cl x R + R; that is, 
TA,j(u) : = liminf { (A(tw), w) - j’(i!v, -w) 1 t --$ 00, v --t U} 
= inf { l;tiGf [(A(tnvn), w,) - j’(t,v,, -vn>] 1 t, -+ 00, w, 4 U} . 
Let us introduce the set R(A, f, j, @, K) of asymptotic directions 
R(A, f, j, 9, K) := 
{ 
w E K, 1 3u, E K, t, := [/zL,J + 00, w, := -k - w 
II%%11 
and (Au,, - f,u,) - J, jO(h(z), -~&))d~ + a(h) 5 0). 
THEOREM 2. Let K be a nonempty, closed, convex subset of V, f E V*, @ : V -+ R U {+m} a 
convex, 1.s.c. functional such that D(@)nK # 8. Suppose in addition that Assumptions (HI)-(Hs) 
hold and the set R(A, f, j, cP, K) is empty. Then H.V.I.(A, f, j, Cp, K) has at least one solution. 
PROOF. Set K, := {w E K I llvll 5 n}. Using Theorem 1, we get the existence of 21, E K, such 
that 
(AUK-f,v-~~)+~j~(~~,w-u~)dz+@(v)-@(u.)~O, VVEK,,. 
CLAIM 1. There exists no E N such that lIun,,II < no. 
Indeed, suppose the contrary: 11~~11 = n f or each solution u,., of H.V.I.(A, f, j, !f?, Kn). On 
relabeling if necessary, we can assume that wn := ~,/112~,, II 2 w and 
(AzL~ - f, v - vn) + l j”(un, w - u,) dx + a)(v) - (a(~,) 2 0, VW E K,. (8) 
By taking w = 0 in (8), we have 
(AU, - f, u,) - A j’(u,, -u,) dz + @(un) 5 0. 
Therefore, w E R(A, f, j, @, K), which contradicts the assumptions of Theorem 2. 
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CLAIM 2. u,, solves H.V.I.(A, f, j, Q’, K). 
Since IIu,, 11 < no, we have, for each y E K, the existence of an E > 0 such that unO + e(y - 
wl,) E Kno. It suffices to take 
e < (no - ll%oII) 
lb - %II ’ ify # uno, 
E= 1, ify=U,,. 
We have 
(As,,, - II - u,J dx + G’(v) - 9 (u,,) 2 0, Vu E K,,,. (9) 
If we put v = vn, + e(y - u,,) in (9), we obtain 
Wno -f,L(Y-21,~))+JnjU(UnOI ~(y-~,~))dx+~(un~+e(y-~no))-Q(un,>~O. (10) 
Since j”(u, w) is positively homogeneous in w (cf. [l]) and Q is convex, we derive ’ 
~(AuL,, -LY-d+~S, ( j” u,,,~--U,,)dx+~(~(~)--(u,,))20. (11) 
Dividing (11) by E > 0, we finally obtain 
(Auno -f.Y-“n.)+~jO(%o,Y - un,) dx + Q(Y) - Q (uno) 2 0, VycK. (12) 
This completes the proof. 
We say that R(A, f, j, 4, K) is asymptotically compact if the sequence {w,},~N which appears 
in the definition of this set converges strongly to w, that is, if wn := u,,/IIu~II, /l~~ll --+ 00, 
u,, E K, and 
imply that wn --) 20. 
COROLLARY 1. Let K be a nonempty, closed, convex subset of V, f E V’, 9 : V ---) R U {+cm} 
a convex, I.s.c. functional such that D(Q) n K # 0. Suppose that Assumptions (HI)-(Hs) are 
satisfied. Assume that 
(i) R(A, f, j, @, K) is asymptotically compact, and 
(ii) there is a subset X of V - (0) such that R(A, f, j, @, K) C X and 
TA,j(w) + @co(w) > (fv ‘w), w E x. 
Then the problem H.V.I.(A, f, j, Cp, K) has at least one solution. 
PROOF. Suppose by contradiction that R(A, f, j, a', K) is nonempty. Then we can find a se- 
quence {u,},~N such that t, := 11~~11 + 00, w, := u,/t, 2 w, and 
(13) 
Dividing (13) .by t, > 0, we obtain 
(A(tnwnr wJ) - 
I 
jO(Lw&), -W&J)) dx + (14) 
s-l 
Passing to the lim inf in (14), we derive 
TA,j(w) + ho(w) 5 (f,W), 
which contradicts (ii) and the proof follows. 
. 
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